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A novel geometric approach to the nondestructive identi® cation of faults in stochastic structural systems, based
on vibration test data, is introduced. The approach uses a partial and reduced-order dynamic system model, a

properly selected stochastic feature space, the notion of fault mode as the union of all faults of one particular cause,
and its approximate geometric representation as a subspace of the feature space. Fault identi® cation is accom-

plished by determining the fault mode subspace within which the current fault lies. The geometric approach offers
important advantages over alternative structural fault identi® cation schemes, including its inherent accommoda-

tion of stochastic effects, the use of a minimal number of measurement locations, and its ability to operate on any
type of vibration data and use only partial and reduced-order models, while relaxing the need for stiffness matrix

or modal parameter estimates. Its effectiveness is demonstrated via fault identi® cation in a laboratory-scale beam
and a ® nite element model of a planar truss structure, where the importance of stochastic effect accommodation

is addressed.

I. Introduction

S TRUCTURAL systems, such as buildings, bridges, offshore
platforms, and aerospace structures, are amenable to structural

fault and damage.If notpromptlydetectedand identi® ed (localized),
such faults may evolve and lead to eventual catastrophic failure.
Techniques for the nondestructive detection and identi® cation of
structural faults therefore are of paramount importance for reasons
associated with safety and proper maintenance.1

In a typical structural system, degradation due to a developing
fault manifests itself as a change in the system’s static and dy-
namic properties, especially stiffness.2 Such a change induces a
corresponding change in the system’s modal parameters and re-
sponse characteristics.Nondestructivestructural fault detection and
identi® cation thus often is based upon the study of behavioral
discrepancies between the nominal (unfailed) and failed systems.
As a binary decision-making problem, fault detection is typically
easier to accomplish than fault identi® cation, which is a multiple
decision-makingproblem and the primary focus of this work.

A large categoryof structuralfault identi® cationmethodsis based
upon the evaluation of changes incurred in the system’s stiffness
matrix, usually under the constant mass matrix assumption. These
methods may use static test data,3 dynamic test data,4±6 or com-
binations of the two.7 The main idea is in the use of the test data
to formulate an optimization problem through which the changes
of the structural stiffness matrix from its nominal (unfailed) value
(often determined from a ® nite element model of the structure) are
evaluated. The methods achieve simultaneous fault detection and
identi® cation based upon the determinationof the changedstiffness
matrix elements.

These methods are, nevertheless, characterized by a number of
drawbacks and limitations: Static testing may be a problem with
many (especially large) structures, whereas complete eigenmode
information (required in the dynamic test case) is dif® cult to obtain
and requires a large number of sensors and elaborate testing pro-
cedures. The determination of eigenmode information additionally
requires the numerical solution of nonlinear equations. A complete
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structural model, though of a possibly large dimension, is neces-
sary to estimate, and this leads to a large nonlinear optimization
problem. A stiffness matrix element may have contributions from
several structural elements sharing the same joint, thus rendering
the precise location of the fault problematic. Stochastic effects usu-
ally are not accounted for, and may lead to additional dif® culties
in fault detection and identi® cation.6 The fact that eigenmode esti-
mates are themselves stochastic quantities with inherent variability
is not taken into account,with the result being that, oftentimes, there
can be no suf® cient certainty that an observed change in a stiffness
parameter is due to a fault and not to the inherent variability of the
data.8

An alternativecategoryofmethodsis basedupon theevaluationof
changes incurred in the structural system’s modal parameters.8±10

The basic idea is the comparison of the modal parameters of the
nominal system to those of the failed, and the (potential) detec-
tion and identi® cation of faults through observation of the incurred
change patterns. These methods are, nevertheless, still constrained
to the deterministic domain and require modal parameter estima-
tion, with most of them speci® cally requiringcomplete mode shape
informationand thus a largenumberof sensorsand elaborate testing
procedures.Even then, faultsmay not alwaysbe possible to properly
identify from mode shape pattern changes. The method of Lew11

relaxes the need for complete mode shape information, but remains
essentially deterministic and limited to ® xed-magnitude (degree of
severity) faults.

In this work, a novel geometric approach to the nondestructive
identi® cation of faults in stochastic structural systems, based upon
vibration test data, is introduced.This approachmakes use of a par-
tial and reduced-orderstochastic structural system model; a proper
feature vector; a corresponding stochastic feature space equipped
with a proper metric; and the notion of fault mode as the union of
faults of all possiblemagnitudesbutof common cause,alongwith its
approximate geometric representation as a subspace of the feature
space.

The approach is based on the fact that fault-induced changes in
the structural system’s properties affect the model parameters, and
through them, the feature vector statistical characteristics.

Within the selected featurespaceall individual(® xed-magnitude)
faults assume a pointwise representation,whereas each fault mode
is representedas a proper subspace.Approximaterepresentationsof
these subspacesarepreconstructedin a trainingstage.Oncea system
fault is detectedthroughtheuseof statisticaldetectiontechniques,an
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interval(meanandcovariance)estimateof thecurrentfeaturevector,
de® ning its point representation in the feature space, is obtained.
Fault identi® cation then is accomplishedby determiningthe speci® c
fault mode subspace within which the current fault point lies.

The proposed approach is distinctly different from previous
schemes for the following reasons.

1) It is inherently stochastic and thus effective in separating
fault-induced effects from those due to environmental factors and
the variability of the test data.

2) It requires a minimal number of measurement locations.
3) It is capable of operating on any type (acceleration, velocity,

or displacement) of vibration test data.
4) It requires the estimation of a very simple partial and reduced-

order structural model and no modal parameter information.
In addition, it avoids the solutionof a largenonlinearoptimization

problem, it is capable of identifying faults other than those related
to stiffness changes, and it is not necessarily restricted to linear
viscously damped structures but may be actually used with any
linear or nonlinear type of structure.

The rest of this paper is organizedas follows. The main ideas and
procedures of the geometric fault identi® cation approach are pre-
sented in Sec. II. Its use for the identi® cationof faults in a laboratory-
scale simply supportedbeam and a ® nite element model of a planar
truss structure is discussed in Secs. III and IV, respectively,and the
conclusions of this study are summarized in Sec. V.

II. Geometric Fault Identi® cation Approach
A. Basic Ideas

The elements composing the geometric fault identi® cation ap-
proach are 1) a partial and reduced-order mathematical system
model, 2) a properly selected feature vector, 3) a feature space
equipped with a proper metric, and 4) the notion of fault mode
and its geometric representation.

The mathematical system model is of the discrete-timestochastic
dynamic type, providing a partial and reduced-orderrepresentation
of the actual structure.These representationcharacteristicsare very
important not only because a complete system model may be dif® -
cult to construct but also because it may be dif® cult, or impractical,
to use. The model typically is obtained through identi® cation tech-
niques using vibration test data.12±14

The feature vector, consisting of selected model parameters, is a
vector ª richº in system information.

The feature space is a q -dimensional space spanned by the
® rst- and, perhaps,second-orderstatisticalcharacteristicsof the fea-
ture vector and equipped with a proper metric.

The notionof faultmode refers to theunionof faultsof all possible
magnitudes (degrees of severity) but common cause, for instance,
those due to degradation of stiffness in a particular structural ele-
ment. Within this context, a particular fault from fault mode i and
of magnitude a is represented as F i

a , with the i th fault mode thus
formally de® ned as F i = f F i

a j a 2 A µ < g in the one-dimensional
fault magnitude case.

Within the selectedfeaturespace,all individual(® xed-magnitude)
faults assumea pointwise representation.A fault mode, being a con-
tinuum of variable-magnitudefaults, assumes, on the other hand, a
subspace representation. The dimensionality of this subspace de-
pends on the dimensionality of the fault magnitude, which may not
be possible to always de® ne accurately.

B. Main Operational Stages
The geometric fault identi® cation approach is based on vibration

test data, typically force excitation along with the resulting vibra-
tion displacement, velocity, or acceleration, measured at selected
locations. Its main operational stages can be outlined as follows.

In an initial training stage, and with the aid of measurements ob-
tained from a detailed simulation (typically ® nite element) model
of the structure, a partial and reduced-ordernominal system model
is obtained, and a proper feature vector and corresponding feature
space are selected. In addition, approximate geometric representa-
tions of the variousfault mode subspacesare constructedbasedupon
trainingdata (obtainedby injectingfaults of variousmagnitudesinto
the simulation model) and appropriate regression techniques.15

Once the presence of a system fault is detected based on peri-
odically obtained actual vibration system data and statistical fault
detection schemes, an interval (mean and covariance) estimate of
the current feature vector, de® ning a point that represents the cur-
rent (unknown) fault in the feature space, is obtained. The fault
identi® cation problemthen is viewed as the problemof determining
the speci® c fault mode subspace within which the occurred fault
lies.

A technical dif® culty encountered in this context is that, because
of estimation and modeling inaccuracies, the point representing the
current fault may not strictly belong to its proper subspace but to
its immediate vicinity. To account for this, the fault identi® cation
problem is formulated as a geometric minimal distance one, ac-
cording to which the current fault is associated with the fault mode
with the subspaceof which its distance (computedvia a constrained
optimization scheme) is minimal.

For purposes relating to practical use and computationalsimplic-
ity, the fault mode subspace representations are approximated as
linear ( q ¡ 1)-dimensional (overspeci® ed) subspaces that include
the actual fault modes. The implications of these approximations
may need to be assessed in practice; yet, justi® cation of the lin-
earity approximation may be offered for limited ranges of fault
magnitudes, and subspace overspeci® cation is not expected to ap-
preciably affect the decision-makingprocess because the estimated
fault points should always lie in the vicinity of their corresponding
modes.

The stages of the geometric approach thus may be formally pre-
sented as follows.

1. FeatureSpaceSelection andFaultModeSubspaceConstruction(Train-
ing Stage)

Based on data obtained from a detailed simulation model, the
structure and interval parameter estimates of a partial and reduced-
order system model are obtained through suitable identi® cation
techniques.12±14 Let µdenote the selected feature vector, viewed as
a stochastic quantity with mean ¹h and covariance Ph .

A q -dimensional(stochastic)featurespaceis selectedas the space
spanned by the ® rst-order and, perhaps, certain or all of the second-
order moments of the feature vector. Let these selected elements
compose the q -dimensional vector µK .

Additional experiments, in which p faults of various magnitudes
are, for each one of the, say, NF fault modes injectedinto thedetailed
simulation model, are performed, and the corresponding estimates
µ

i j

K obtained.In thisnotation,i j refers to the j th fault ( j = 1, . . . , p)
within the i th fault mode (i = 1, . . . , NF ).

For purposes of computational simplicity, the fault mode repre-
sentationsare approximatedas linear ( q ¡ 1)-dimensionalsubspaces
(hyperplanes).The mathematical form of the i th fault mode hyper-
plane is

gi (µK ) = h K1 + x i
1h K2 + ¢ ¢ ¢ + x i

q ¡ 1h K q ¡ x i
q = 0

) ( Å!i )T µK ¡ x i
q = h K1 + ÅµT

K ¢ !i = 0 (1)

with x i
l denoting the hyperplane’s lth coef® cient and

!i = [x i
1 x i

2 ¢ ¢ ¢ x i
q ]

T
Å!i = [1 x i

1 ¢ ¢ ¢ x i
q ¡ 1]

T
(2)

µK = [h K1
h K2 ¢ ¢ ¢ h K q ]

T ÅµK = [h K2 ¢ ¢ ¢ h K q ¡ 1]
T

(3)

Given the i th (i = 1, . . . , NF ) fault mode estimates µ
i j

K ( j =
1, . . . , p) with p > q , the correspondinghyperplanerepresentation
is estimated through linear regressionusing expressionsof the form

h
i j

K1 + ( Åµ
i j

K
)T

¢ !i = ²i j (1 · j · p) (4)

in which ²i j denotes the j th regression error. These lead to the
estimator

Ã!i
= ¡ [( Åh i

K
)T Åh i

K ]¡ 1

¢ ( Åh i
K

)T
µi

K1
(5)
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where
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K

D
=
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K
)
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and

µi
K1 = [h

i1
K1

h i2
K1 ¢ ¢ ¢ h

i p

K1 ]
T

(7)

2. Current Feature Vector Estimation

Once a fault is detected,based on periodicallyobtainedstructural
system vibration data, an interval estimate of the current (unknown
fault) feature vector µu is obtained.

3. Distance Computations

Appropriatedistances between the current (unknown fault) point
µu

K and each fault mode hyperplaneare subsequentlycomputed.The
distance between µu

K and the i th mode hyperplane is obtained by
optimizing the Lagrangian

L(µK , c ) = D (µK , µu
K

) + 2 c ¢ gi (µK ) (8)

with respect to µK and c . In the preceding, D( ¢ , ¢ ) represents an
appropriate distance function (metric), 2c the Lagrange multiplier,
and gi (µK ) the i th mode hyperplane de® ned by Eq. (1).

C. Feature Space and Distance Function Selection

The metrics used determine the nature of the feature space and
the compositionof the vectorµK . Three possibilitiesare considered.

1. Deterministic Metric Space

In this case, µK = ¹ h , that is, only the mean of the feature vector
is used, and

D (µK , µu
K

) = tr{(¹ h ¡ ¹ h u )(¹h ¡ ¹ h u )T } (9)

with tr f ¢ g denoting trace of the indicated matrix quantity.

2. Stochastic Metric Space

In this case, µK = [¹T
µ , (col diagPh )T ]T , that is, the mean and

the diagonal of the feature vector covariance are used, and

D (µK , µu
K

) = tr{(¹h ¡ ¹h u )(¹ h ¡ ¹ h u )T
+ (sh ¡ sh u )(sh ¡ sh u )T }

(10)

with coldiag( ¢ ) denoting the column vector consistingof the diago-
nal elementsof the indicatedmatrix and sh the vectorof the standard
deviations of the elements of h .

3. Kullback Pseudometric Space

In this case µK = [¹T
h , (col Ph )T ]T , that is, the whole feature

vector covariance matrix is used in connection with the Kullback
pseudodistancefunction (J -divergence distance) de® ned as16

D (µK , µu
K

) = * [ fµK
(¸) ¡ fµu

K
(¸)] ¢

fµK
(¸)

fµu
K

(¸) ¢ d¸ (11)

where fµK
(¸), fµu

K
(¸) denote the probability density functions of

the random vectors µK and µu
K , respectively. In the Gaussian case,

this expression results in

D(µK , µu
K

) = 1
2 {tr[(Pµu ¡ Ph )( P ¡ 1

h ¡ P ¡ 1
h u )]

+ tr[(¹ h u ¡ ¹h )( P ¡ 1
h u + P ¡ 1

h
)(¹h u ¡ ¹h )T ]} (12)

In comparing these spaces, it is remarked that the ® rst one is
best suited for the special case of purely deterministic systems, or
systems operating in very-low-noise environments, and leads to a
quadratic optimization problem admitting a closed-form solution.

The other two are appropriate for the broader class of stochas-
tic structural systems. The stochastic metric space makes use of
partial covariance information (variances of the feature vector ele-
ments), whereas the Kullback pseudometric space uses the full co-
variance matrix. From a computational standpoint the former leads
to a quadratic optimization problem as well, whereas the latter re-
quires the use of nonlinear optimization techniques, such as the
iterative gradient algorithm.17

III. Fault Identi® cation in a Simply Supported Beam
A. Objectives and Description of Experimental Setup

The geometric approachis used for the identi® cationof faults in a
laboratory-scalebeam. The beam is basedon four rigid supports,di-
viding it into three spans, and two additional ¯ exible supportsÐone
stationary, referred to as auxiliary spring, and one movable that is
at the midpoint of the central span in the nominal (unfailed) system
case and is referred to simply as spring (Fig. 1).

The faults considered are deviations of the local stiffness char-
acteristics (local changes in the modulus of elasticity) realized by
transporting the movable support (spring) to any desired point in
any span.

The objective of the experiments is fault detectionand identi® ca-
tion, with the latter term implying the determination of the span in
which a particular fault occurs, based upon vibration test data. To
minimize the necessary equipment and signal-processing require-
ments, fault detection and identi® cation are based on a single pair
of measurements.

The experimental setup thus consists of a shaker applying a ver-
tical force (a realizationof a zero-mean and uncorrelatedstochastic
process) at a point close to the left end of the beam, a load cell
measuring the exerted force, and a proximity probe measuring the
resulting vertical vibration displacementat the midpoint of the cen-
tral span (Fig. 1). The measured force and vibration displacement
signals are driven throughanalog antialias ® lters, digitizedat a sam-
pling frequency of 1 kHz, and stored in a personal computer for
further processing. Sample normalized versions of both are, for the
nominal (unfailed) system case, shown in Fig. 2.

Fault identi® cation thus is based upon a partial (single transfer
function) system model, with no regard to mode shape information.
Note that this particular experimental setup, in which fault magni-
tude is simulated by changing the fault speci® c position within a
considered span, makes fault identi® cation dif® cult because faults
realized at a continuum of positions across spans (and thus belong-
ing to different fault modes) correspond to a continuum of changes
in the elasticity characteristicsof the considered transfer function.

B. Preliminary Procedures
For the stochastic mathematical description of the transfer func-

tion characteristics, a parametric autoregressive moving average
with exogenousexcitation (ARMAX) representation13 is used. Pre-
liminary analysis of nominal system data via both nonparametric

Fig. 1 Schematic diagram of simply supported beam experimental
setup.
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Table 1 Fault detection [Q(K)] and identi® cation (stochastic distance) resultsa

Stochastic distance from hyperplane

Faults Test case Q(K ) F 1 F 2 F3

No fault 0 28.74 Ð Ð Ð

F 1 (span 1) 1 940.96 2.0647e ¡ 05 4.5498e ¡ 03 5.0656e ¡ 03
2 776.18 2.2660e ¡ 03 1.3047e ¡ 03 8.5332e ¡ 03
3 696.42 8.3229e ¡ 05 1.1996e ¡ 02 1.7795e ¡ 02
4 549.26 2.2866e ¡ 03 1.1940e ¡ 02 5.4363e ¡ 03
5 740.11 4.4298e ¡ 03 1.7443e ¡ 02 1.3721e ¡ 02
6 883.60 1.5372e ¡ 03 4.0091e ¡ 03 1.1468e ¡ 02

F 2 (span 2) 7 253.03 9.0472e ¡ 03 7.6697e ¡ 03 2.1568e ¡ 02
8 293.17 8.6767e ¡ 03 8.8407e ¡ 04 1.3893e ¡ 02
9 290.15 1.4295e ¡ 02 1.2209e ¡ 03 1.6875e ¡ 02

10 404.02 8.9338e ¡ 03 1.9721e ¡ 03 1.5435e ¡ 02
11 497.78 1.6199e ¡ 02 1.0132e ¡ 03 1.8786e ¡ 02
12 446.56 1.0375e ¡ 02 1.7487e ¡ 03 1.3981e ¡ 02

F 3 (span 3) 13 922.73 5.9409e ¡ 03 3.1545e ¡ 03 8.3204e ¡ 04
14 906.81 3.5360e ¡ 03 1.5654e ¡ 03 8.9274e ¡ 04
15 584.43 3.9264e ¡ 03 3.6697e ¡ 03 3.1019e ¡ 04
16 642.12 4.1098e ¡ 03 1.0040e ¡ 03 6.1854e ¡ 04
17 606.36 2.9405e ¡ 03 5.6205e ¡ 03 1.4935e ¡ 03
18 490.66 3.4288e ¡ 03 8.9146e ¡ 03 9.5780e ¡ 04

aGeometric approach using the stochasticmetric space; minimal distance in each test case is indicated by boldface (beam).

Fig. 2 Sample normalized force excitation and vibration displacement
signals (simply supported beam).

and parametric identi® cation techniques indicates that the beam is
characterizedby four vibrationalmodes in the 0±400-Hz frequency
range;yet, for purposesof computationalsimplicity,a reduced-order
ARMAX (6, 5, 3) model accounting for only three of the modes is
estimatedon thebasisof 1500-sample-longdata records.This model
is of the form

6

S i = 0

ai ¢ y[t ¡ i ] =
5

S i = 1

bi ¢ F[t ¡ i ] +
3

S i = 0

ci ¢ w[t ¡ i ]

with a0
D
= c0

D
= 1, y[t ] representing the measured vibration dis-

placement, F[t] the exerted force signal, w [t ] a zero-mean and un-
correlated noise-generating stochastic sequence, and ai , bi , ci the
i th autoregressive(AR), exogenous (X), and moving average (MA)
parameter, respectively.

The feature vector is selected to consist of the model’s AR and X
parameters, that is,

µ = [a1 ¢ ¢ ¢ a6 j b1 ¢ ¢ ¢ b5]T

while all three feature spaces of Sec. II.C are considered. The de-
terministic feature space is spanned by the elements of the feature
vector mean, the stochastic feature space is additionallyspannedby
their variances, and the Kullback pseudometric space further adds
off-diagonalcovariance information.

Three fault modes, denoted as F1 , F2, and F3 and correspond-
ing to changes in the local stiffness characteristics at a point lying
respectively, anywhere in the ® rst, second, and third span of the
beam, are considered. The fault mode hyperplanes are constructed
accordingto the procedureof Sec. II.B, by realizingfaults at various
points of each span.

C. Results and Discussion
Nineteen test cases, the ® rst one (zeroth) corresponding to the

unfailedstate of the system, and each one of the subsequent18 (1st±
18th) correspondingto a particular fault (fault location) from one of
the three fault modes, are considered. Test cases 1±6 correspond to
faults belonging to fault mode F 1 (realized by inserting the spring
at the positions L/ 24, 2L/24, 3L/ 24, 5L/24, 6L/ 24, 7L/24, with
L denoting the length of the beam between the left and right rigid
supports); the next six (7±12) to faults belonging to fault mode F2

(springat 9L/ 24, 10L/24,11L/ 24, 13L/ 24, 14L/24,15L/ 24); and
the last six (13±18) to faults belonging to fault mode F3 (spring at
17L/ 24, 18L/ 24, 19L/ 24, 21L/ 24, 22L/ 24, 23L/ 24). Note that,
to test the robustness of the approach with respect to speci® c fault
location within a span, none of these fault locations were used in
the hyperplane construction (training) stage.

The fault detection and identi® cation results are presented in
Table 1, with each row representing each one of the 19 test cases.

Fault detection is based upon a portmanteau lack-of-® t test12 on
the residuals (one-step-ahead prediction errors) generated by the
nominal (unfailed)ARMAX model driven by the measured, in each
case, force excitation and vibration displacement signals. The test
uses the statistic

Q(K ) = N ¢ Ãr ¡ 2
ee [0] ¢

K

Si = 1

Ãr 2
ee [i ] (13)

in which N representsthenumberof data samplesused in evaluating
the residuals, K the numberof autocorrelationterms used, and Ãree[i ]
the estimate of the residual normalized autocorrelation function at
lag i . Asymptotically (as N ! 1 ), Q(K ) follows a chi-squared
distribution with K degrees of freedom. Hence, the null hypothesis
(H0) that the residualsequenceis uncorrelated,and thus the nominal
model is still valid, is accepted at the a signi® cance level (that is,
the probability of rejecting H0 when H0 actually holds is equal to
a ) if Q(K ) · v 2

1 ¡ a (K ), whereas it is rejected if Q(K ) > v 2
1¡ a (K ).

In these expressions v 2
1¡ a (K ) represents the 1 ¡ a percentile of the

chi-squared distribution with K degrees of freedom, de® ned such
that Prob[X · v 2

1¡ a (K )] = 1 ¡ a .
The statistic Q(K ) (Table 1, column 3) is in the zeroth test case

smaller than its threshold value of 31.3 ( a = 0.005, K = 14)
and thus correctly indicating no fault occurrence. In all subsequent
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(1st±18th) cases, Q(K ) is greater than its threshold value, thus cor-
rectly detecting fault occurrence.

The fault identi® cation results (Table 1, columns 4±6) are ob-
tained with the geometric approach using the stochastic metric
space. The computed distances of the current (unknown fault) point
from each fault mode hyperplane are presented, with the minimal
one in each test case indicated in boldface. Despite the dif® culties
of this particular setup and the use of a single transfer function
model, the identi® cation results are very satisfactory,with only one
misclassi® cation error encountered (test case 2).

The behavior of the geometric approach in conjunction with the
Kullback pseudometric space is quite similar (two misclassi® cation
errors), but a deterioration is observed when the deterministic met-
ric space is used (® ve misclassi® cation errors). This is due to the
inadequacy of the deterministic metric space in this context, and
underscores the importance of using the stochastic spaces in con-
junction with systems characterizedby nonnegligible(for instance,
standard deviation noise-to-signal ratios of 1% or higher) random
effects.Between the two stochasticspaces, the stochasticmetric one
is, from a computational standpoint, preferable.

IV. Fault Identi® cation in a Truss Structure
A. Objectives and Description of Setup

In this section the geometric approach is used for the identi® ca-
tion of faults in a ® nite element model of a planar truss structure
consisting of 16 elements (steel bars) connected at 10 joints.

A schematic diagram of the structure, along with that of its ® -
nite element model representation is shown in Fig. 3. Although a
consistent (nondiagonal)mass matrix is used in the actual ® nite el-
ement model, the masses are, for purposes of illustrationsimplicity,
shown as lumped (Fig. 3b). The length of the elements 1±8, 10, 12,
14, and 16 is L = 5 £ 10¡ 1 m, whereas that of the elements 9,
11, 13, and 15 is L = 5 p 2 £ 10¡ 1 m. Their cross-sectionalarea is
A = 4 £ 10¡ 4 m2 , their speci® c mass is q = 7860 kg/m3, and their
modulus of elasticity is E = 200 GPa. The structuraldamping is of
the proportional type, with the damping matrix being 2% of that of
the stiffness. The vibration response is computed by integrating the
equations of motion using the Newmark integration method18 and
an integration step of 0.001 s.

The faults considered are deviations of the local stiffness char-
acteristics (modulus of elasticity) of the various structural elements
(bars).

a) Schematic diagram

b) Finite element model

Fig. 3 Planar truss structure.

Fig. 4 Sample normalized force excitation and vibration displacement
signals (planar truss structure).

The objective of the experiments is fault detectionand identi® ca-
tion, with the latter term implying the determinationof the particular
element (bar) in which a fault occurs, based on vibration test data.

As in the beam case, to minimize the necessary equipment and
signal-processing requirements, fault identi® cation is based on a
single pair of vibrationmeasurements:measurementof the stochas-
tic (zero-mean and uncorrelated) force excitation applied at joint
5 along the x direction; and the resulting vibration displacement,
along the same direction, at joint 3. Sample normalized versions
of both measurements are, for the nominal (unfailed) system case,
shown in Fig. 4.

B. Preliminary Procedures
Preliminary analysis of nominal system data, as well as the ® nite

element model itself, indicates that the structure is characterizedby
three vibrationalmodes (at about 92.2, 337.5, and 408.9 Hz) in the
0±450-Hz range. The use of model order determinationand param-
eter estimation techniques13, 14 in conjunction with the ARMAX
model form and 1500-sample-longdata records, lead to an ARMAX
(6, 5, 0), that is, an ARX(6, 5) representation:

6

Si = 0

ai ¢ y[t ¡ i ] =
5

Si = 1

bi ¢ F [t ¡ i ] + w[t]

with a0
D
= 1, for the nominal (unfailed) system.

The feature vector is selected to consist of the model’s AR and X
parameters, that is,

µ = [a1 ¢ ¢ ¢ a6 j b1 ¢ ¢ ¢ b5]
T

while all three feature spaces of Sec. II.C are considered.Four fault
modes, each one corresponding to faults occurring in each one of
the four elements of the upper part of the truss, are considered in
the present study: Fault mode F1 consists of the faults of all pos-
sible magnitudes occurring in element 5, F2 of those occurring in
element 6, F3 of those occurring in element 7, and F4 of those oc-
curring in element 8. The correspondingfault mode hyperplanesare
constructed according to the procedureof Sec. II.B.

C. Results and Discussion
Seventeen test cases, the ® rst one (zeroth) corresponding to the

unfailed state of the system and each one of the subsequent 16
(1st±16th) corresponding to a particular fault from one of the four
fault modes, are considered.As in the beam experiment,none of the
consideredfaultmagnitudeswasused in thehyperplaneconstruction
stage.

The fault detection and identi® cation results are summarized in
Table 2, with each row representing each one of the 17 test cases.

Fault detection is based on the portmanteau lack-of-® t test on
the residuals generated by the nominal (unfailed) ARX model
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Table 2 Fault detection [Q(K)] and identi® cation (stochastic distance) resultsa

Stochastic distance from hyperplane

Faults Test case Q(K ) F1 F2 F3 F4

No fault 0 22.71 Ð Ð Ð Ð

F1 (element 5) 1 9.9361e+12 2.0559e ¡ 04 3.6625e+00 1.7266e ¡ 01 1.8198e ¡ 02
2 3.3958e+09 3.2574e ¡ 04 2.0185e+00 8.8179e ¡ 02 3.4842e ¡ 03
3 3.5117e+07 7.1078e ¡ 05 9.5295e ¡ 01 3.9174e ¡ 02 8.9333e ¡ 04
4 4.1011e+04 1.0271e ¡ 04 2.0369e ¡ 01 8.3117e ¡ 03 1.2304e ¡ 04

F2 (element 6) 5 4.8496e+08 7.4069e ¡ 01 6.9414e ¡ 04 7.2368e ¡ 03 1.5506e ¡ 02
6 6.6966e+05 3.8190e ¡ 01 1.0028e ¡ 02 1.3926e¡ 03 8.5169e ¡ 02
7 8.8924e+03 1.2265e ¡ 01 1.3363e ¡ 04 2.6743e ¡ 04 2.2007e ¡ 02
8 9.8464e+03 8.2425e ¡ 03 3.9327e ¡ 05 2.4331e ¡ 04 5.2994e ¡ 04

F3 (element 7) 9 4.4499e+08 7.9524e ¡ 01 7.8807e ¡ 03 1.6930e¡ 05 1.2534e ¡ 02
10 5.4150e+05 1.0430e+00 5.2164e ¡ 02 1.0105e¡ 04 1.6928e ¡ 02
11 7.8218e+03 1.0801e ¡ 01 8.2431e ¡ 03 1.7911e¡ 05 2.3729e ¡ 03
12 9.1897e+03 1.0190e ¡ 02 4.2947e ¡ 04 2.8426e¡ 05 4.4989e ¡ 04

F4 (element 8) 13 4.7348e+09 6.1337e+00 9.7726e ¡ 01 2.7866e ¡ 01 1.3070e¡ 05
14 2.3306e+09 1.5504e+00 7.0137e ¡ 01 1.3744e ¡ 01 1.4129e¡ 04
15 1.6676e+07 8.6585e ¡ 02 4.2756e ¡ 01 6.4683e ¡ 02 4.1002e¡ 04
16 1.4075e+04 1.1988e ¡ 01 1.2147e ¡ 01 1.2781e ¡ 02 3.0925e¡ 05

aGeometric approach using the stochastic metric space; the minimal distance is, in each test case, indicated in boldface (truss).

driven by the measured, in each case, force excitation and vibra-
tion displacement signals. The statistic Q(K ) (Table 2, column 3)
is in the zeroth test case smaller than its threshold value of 26.8
( a = 0.005, K = 11), thus correctly indicating no fault occur-
rence. In all subsequent (1st to 16th) cases, Q(K ) takes values that
are drastically greater than the threshold, thus again correctly de-
tecting fault occurrence.

The fault identi® cation results are obtained by the geometric ap-
proach, using the stochastic metric space. The computed distances
of the current (unknown fault) point from each fault mode hyper-
planeare presented in columns4±7 of Table 2, with the minimal one
in each test case indicated in boldface. Despite the use of a single
transfer function model (which ignores mode shape information),
the identi® cation results are very satisfactory,characterizedby only
one misclassi® cation error (test case 6).

The behavior of the geometric approach in conjunction with the
deterministic metric and the Kullback pseudometric spaces is es-
sentially identical, characterized by one misclassi® cation error as
well. The reason for this is the relatively low level of (purely nu-
merical) noise present in the data in this setup, a fact re¯ ected in
the excessively high values of Q(K ) in test cases 1±16 (compare
with the correspondingvalues of the beam experiment presented in
Table 1) and the relatively small values of the estimated parameter
covariance matrix (not shown).

V. Conclusions
A geometric approach to the nondestructive identi® cation of

faults in stochastic structural systems is presented. This approach
overcomes many of the limitations of existing structural fault iden-
ti® cation schemes because it effectively accounts for stochastic
effects and the inherent variability of test data, requires a min-
imal number of measurement locations, is capable of operating
on any type (acceleration, velocity, or displacement) of vibration
test data, requires only partial (even single input/single output)
and reduced-order models, and eliminates the dif® culties associ-
ated with stiffness-matrix or modal-parameter-based procedures.
The cost paid for these bene® ts is associated mainly with fault
mode subspace construction, a procedure that, nevertheless, is im-
plemented during the initial training stage. The geometric approach
is, on the other hand, very general and potentially capable of iden-
tifying any type of fault within any linear or nonlinear structural
system.

The effectiveness of the approach was demonstrated via fault
identi® cation in two structural systems: a laboratory-scale sim-
ply supported beam, and a ® nite element model of a planar truss
structure. The importance of stochastic effect accommodationwas,
within this context, addressed, and the use of proper stochastic fea-
ture spaces was shown to be necessary in realistic cases in which
environmentaleffects and noise (due to the experimentalapparatus,

modelingapproximations,includingthe spatial and temporalmodel
discretizations,and so on) cannot be neglected.
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